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abstract 

We construct a huge number of anomaly-free models of six-dimensional N = (1, 0) gauged 
supergravity. The gauge groups are products of U{1) and SU{2), and every hyperino is 
charged under some of the gauge groups. It is also found that the potential may have flat 
directions when the /^-symmetry is diagonally gauged together with another gauge group. 
In an appendix, we determine the contribution to the global SU (2) anomaly from symplectic 
Majorana Weyl fermions in six dimensions. 



1 Introduction 


Six-dimensional M = (1, 0) supergravity [HEI has many interesting features. The ungauged 
version has been useful in uncovering the interesting dynamics of string theory in six di¬ 
mensions. The gauged one is particularly interesting, because it does not allow the flat 
six-dimensional Minkowski spacetime as a solution. Their solutions typically describe space- 
times which are spontaneously compactihed to lower dimensions inmi. They can also be 
used to build various higher-dimensional models of particle phenomenology and cosmology. 
See, e.g., |S1IE]. 

Any higher dimensional theory of gravity should be considered as a low energy approxi¬ 
mation of some unknown quantized theory, and there are several consistency conditions that 
any low energy approximation should satisfy. Anomaly freedom is one of the most important 
criteria. The search for anomaly-free models in six dimensions is more difficult and at the 
same time richer than in ten dimensions. It is because in six dimensions we can include 
hypermultiplets, which contribute to perturbative anomalies jTj. 

The d = 6, A/" = (1, 0) ungauged supergravity can be obtained from heterotic strings on 
KS, and many anomaly-free models are known iHiEiiiniiiiiini, with the help of the Green- 
Schwarz mechanism in six dimensions. For d = 6, A/" = (1, 0) gauged supergravity, 
however, only a handful of consistent models have been found so far. Furthermore, if we 
impose the constraint that all hyperini should be charged under some of the gauge groups, 
the number of consistent models is very small [m uni in]. 

In d = 10, A/" = 1 supergravity the anomaly cancels only for a few models, namely 
SO{32), Eg X Eg, Eg X and Moreover, the discovery of anomaly freedom of 

Eg X Eg inspired the construction of heterotic string theories. It is thus quite interesting 
to study how many anomaly-free models there are in d = 6, A/” = (1, 0) gauged supergrav¬ 
ity, and it might suggest the existence of some totally novel quantum completion of those 
theories within superstring theory or outside of it. No consistent way to derive it from the 
compactification of string or M theory is not known yet, although some progress is being 
made mi CB]. This is also interesting from the point of view of its phenomenological or 
cosmological applications. 

In this paper, we investigate the models whose gauge groups are products of U{1) and 
SU{2). This choice makes the condition for anomaly cancellation relatively simple. It will 
be shown that there are enormously many models which are free of both perturbative and 
global anomaly. 

The paper is organized as follows. First we recall basic knowledge on d = 6, A/" = 
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(1,0) gauged supergravity in section 2. In section 3, we describe the general form of both 
perturbative and global anomaly-free conditions, and we carry out the search and give our 
results in section 4. Section 5 is the summary and discussion. In appendix A we collect 
our notations concerning the group representations. Appendix B discusses the global gauge 
anomaly from the symplectic Majorana Weyl fermion charged under SU{2) gauge group. 


2 Gauged J\f = (1,0) supergravity in six dimensions 

2.1 The spectrum 

A/" = (1, 0) supergravity in six dimensions contains the following multiplets: 


supergravity multiplet, 
tensor multiplet, 
vector multiplet, 
hypermultiplet. 


{ 44 ,, V>+); 


where /i, z/ = 0,..., 5 label spacetime, m = 0,..., 5 labels tangent space, A = 1, 2 labels the 
fundamental representation of Sp{1)r , and ± denotes the chirality of Weyl spinors or the 
self-duality of the field strength of antisymmetric two-forms. 

Weyl spinors of 5'0(1,5) and the fundamental representation of Sp{1)r are both pseu- 
doreal. By combining two antilinear involutions, we can impose a reality condition to get 
symplectic Majorana Weyl spinors. Gravitini, tensorini and gaugini are symplectic Majorana 
Weyl under Sp{1)r. Hyperini are inert under Sp{1)r and are Weyl spinors in general. If 
some of the hypermultiplets form a pseudoreal representation under the gauge groups, then 
we can impose the symplectic reality condition on them. Such a hypermultiplet is called a 
half-hypermultiplet. 

Hereafter we assume the number of tensor multiplet ut is one. This is because only in 
this case Lorentz- and gauge-covariant Lagrangian exist at the classical level. 


2.2 Gauging hyperscalar manifold 

The d = = (1,0) rigid supersymmetry requires the scalar helds in the hypermultiplets 

to parametrize a hyperkahler manifold. If we couple hypermultiplets to gravity, then it must 
be a quaternionic manifold with negative curvature. For simplicity we assume the target 
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space of the hyperscalars to be the manifold 


( 2 . 1 ) 

Sp{1)r X Spinn) 

where uh is the number of hypermultiplets. 

We introduce vector multiplets which gauge some part of the isometry group Sp{1)r x 
Sp^ur) of A4h- Arbitrary subgroups of x Sp^ur) can be gauged. Let us write the 

gauge groups as Gr x Gr C Sp{1)r x Sp^ur), where Gr C Sp{1)r x SpipiR) gauges some 
part of the /^-symmetry and Gr C Sp{nR) acts only on the hypermultiplets. The closure of 
Lie algebra requires that Gr be one of the following possibilities: U{1)r, Sp{1)r, U{1)r+ and 
Sp{1)r+ , where in the latter two cases we take U{1) or Sp{l) subgroup of Sp^ur) and gauge 
the diagonal combination of them with U{1)r or Sp{1)r, respectively. We call these latter 
two choices as ‘diagonal gaugings.’ When Gr is made out of several factors Gri x Gr2 x • ■ •, 
we use the label z = 1 , 2 ,... to distinguish different factors. 

Gauging hyperscalar manifold brings an additional potential term to the Lagrangian, 
which is required by supersymmetry. Here we will write the general form of the potential, 
citing the results of mq. We denote hyperscalars parameterizing the manifold A4r hj 
a = 1,..., 4 riff. Since A4r is a symmetric space, its tangent space is spanned by the 
coset of the Lie algebras. Let L{(j)) be a representative of the coset Sp{l,nR)/[Sp{l)R x 
Sp^ur)] so that L(0) = l 5 p(i,njj) + G{cj)), and define G-functions as^ 


CfcD-{L-^TfL)^^, ( 2 . 2 ) 

where and are the generators of Gr and Grz , respectively. Then, the potential is 
given by 

V(4,) ^ sLcyccCy™) (2.3) 

^ Z ' 

where qr , qrz are the coupling constants^ of Gr , Grz- 

The potential (jZl is nonnegative, because it is the sum of the squares of G-functions. 
One important feature is that G"^^cd = and G^^cd = G(0), hence the 

potential is positive at 0" = 0 if we gauge i?-symmetry. It provides a positive cosmological 
constant in a six-dimensional sense. For a non-diagonal gauging, explicit calculations of 
mcniiin] show that 0" = 0 is the minimum of the potential and there is no possibility of 
Higgsing. If we take a diagonal gauging, however, the potential may have flat or tachyonic 

^The C-function is known under various names: P function, Killing prepotential, triholomorphic moment 
map, etc. 

^We normalize the gauge kinetic term as — trj, , with k = R, Hz- 
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directions. In this case, one can spontaneously break R symmetry and possibly it leads to 
ungauged supergravity theories. The physics of models with diagonal gauging is relatively 
unexplored, and we hope to revisit this problem in the future. 

Another important feature is that in the examples discussed so far, quadratic terms of 
V (0) are only from the R coupling. Thus, the mass of hyperscalars is determined by their 
R charges. 

The way how hyperini acquire four-dimensional mass depends on the details of compact- 
ihcation. Consider for example, a spacetime x 8 “^ with monopoles in the internal S'^. 
If we embed the field strength of the monopole in Gn = d = 4, Af = 1 supersym¬ 

metry can remain unbroken [S]. Other choices of monopole charges generically break all the 
supersymmetry and many of them induce instability^. 

3 General anomaly-free conditions 

Any six-dimensional gauge theory must satisfy two constraints concerning its gauge groups 
and representations. They are the freedom from the local and the global gravitational, 
gauge and mixed anomaly. The local or the global anomaly measures the change in the 
fermion determinant, induced by a gauge transformation which can or cannot be continuously 
deformed to identity. One must choose the gauge groups and the representations carefully 
so that both kinds of anomaly will cancel. 

3.1 Local anomaly 

It is well-known that the Green-Schwarz mechanism can cancel the local gravitational, gauge 
and mixed anomaly if anomaly polynomial factorizes.^ 

Anomaly polynomial can be explicitly calculated by summing up the contributions from 
fermions and (anti-)selfdual tensors. Fermions of positive chirality or antisymmetric tensor 
with self-dual field strength contribute to it positively, while fermions of negative chirality 
or antisymmetric tensor with anti-self-dual held strength do negatively. Hence in our case, 

^See [211 lor the models with monopoles sitting in the C/(l) factor, and [23 for those with monopoles 
sitting in the nonabelian factor. 

'^Note that in six dimensions the consistency of the Green-Schwarz mechanism is rather subtle, because 
we need to modify the lowest-derivative terms in the Lagrangian in order to introduce the Green-Schwarz 
counterterm. More details can be found in references E1I22I, including the generalization to ut > 1. 
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the total anomaly polynomial Ptotai is of the form 

-Ptotal (-^3/2 + Ia) + {Ia + -^ 1 / 2 ) ~ E h/2 + E ^ 1 / 2 , (3.1) 

tensor vector hyper 

where each term comes from the supergravity multiplet, tensor multiplets, vector multiplets 
and hypermultiplets, respectively. 

In six dimensions, the anomaly polynomials for spin 3/2 fermions and spin 1/2 fermions 
in the representation r are known to be [71 OH] 

h /2 = ( tr —— (tr Rh tr^ 1 + — tr tr^ + — tr^ (3.2) 

V360 288 ^ J J r Q 3 ’ ^ ^ 

^ ^ ^ J ^ ^ tr,.F^ (3.3) 

and that for a real self-dual antisymmetric tensor to be 

I A = —— tri?^-^ (tri?^)^ . (3.4) 

We will study what conditions are necessary for (EH) to factorize into the product of 
four-forms. 

First of all, the coefficients of tri?^ and tr^-F"^ must vanish. Using dH and (13.31) . the 
trF^ condition gives 

n/i-= 273 — 29nT + uy . (3.5) 

To satisfy the tr^ F‘^ condition, we restrict our analysis to particular representations for which 
trF^ is a multiple of (trF^)^. We call such representations ‘exceptional-type.’ All hnite 
dimensional irreducible representations of Ai, A 2 , Eg, Ey, Eg, F 4 and G 2 are of exceptional 
type, which we call Lie algebras of exceptional type. Further studies on exceptional-type 
representations can be found in |241125] . Casimir invariants of exceptional-type Lie algebras 
are summarized in appendix 1 X 1 

When tr and tr^ F^ vanish, we can rewrite the total anomaly polynomial as 

Ftotal E (3jkK^KK (3.6) 

jk 

where F*’ is 

K:= (trF^trJF2^,tryF4,trJF2^,...,tryFy) (3.7) 

where Gi is shorthand notation for Gui and / is the smallest nontrivial irreducible repre¬ 
sentation of Gi- 

It is convenient to regard {3ij as a (n -f 1) x (n -|- 1) matrix. We call f3ij anomaly matrix 
of the model. The condition for factorization of Ptotai is equivalent to f3ij = {aijj + aj'ji) /2 
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for some aj, 7 j. It is clear that the columns of (3 are linear combination of a and 7 , so we 
must have 

rank/? <2. (3.8) 

Besides, the two vectors a and 7 must be real, because they enter into Lagrangian through 
the Green-Schwarz counterterm. Elementary calculation shows that (3 has two real non-zero 
eigenvectors (and thus real a and 7) if and only if 

A+A“ < 0. (3.9) 

We call (j3.8|) and (El) the hrst and the second factorization condition, respectively. 


As a preparation for the actual search for anomaly-free models in the next section, we 
describe the anomaly matrix more explicitly in each case of Gr = [/(l)i{(+) and S'p(l)ij(+). 
Throughout the paper, we write the representation of hyperini as and use tin as the 
abbreviation for the trace over . 

For Gr = U{1)r, the gravitini, tensorini and gaugini all have charge one under U{1)r. 
The gaugini are the adjoints of the gauge groups. The anomaly polynomial is given by^ 


. (3.10) 

For Gr = [/(l)/j+, the anomaly polynomial is almost the same as dSH, except that 
hyperini are charged under U{1 )r+ in this case. 

For Gr = Sp{1)r , recall that the symplectic Majorana Weyl condition is imposed on 
gravitini, tensorini and gaugini. Another important point to notice is that the gaugini of the 
Sp{1)r symmetry transforms in the 2 (g) 3 representation. The anomaly polynomial is given 
by 


tr i?' 


P = (tr fi")" + — (-20 + nv) P^,„h + tr^ P|. - tr„ P" 


2=1 


(4 + nv) - 6 + b 


2=1 


2=1 


p = + 


tri?2 


2 

3 


6 

84 -h nv 


—12 nv 


- ilH F^ 


2 = 1 


(tr2 ^Ip(i)k) ^ trad - 3 tra Y F^^ + tr^^ 


i=l 


i=l 


(3.11) 


For Gr = S'p(1)r+ , we need to take it into account that hyperini are charged under 
>5p(1)r+. 

®We normalize the total anomaly polynomial so that ai = 71 = 1 
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3.2 Global anomaly 

Once one finds a pertnrbatively anomaly-free model, one needs to check whether the global 
anomaly vanishes. Global gange anomaly in six dimensions may appear if the gange gronp 
G has the nonvanishing sixth homotopy gronp, 71^(0) 7 ^ 0 [20] • There are three simple 
Lie groups with 7 r 6 {G) 7 ^ 0, namely 7 rQ{SU{ 2 )) = Z 12 , 77 q{SU{ 3 )) = Zg and 7 r 6 (G 2 ) = Z 3 . 
Abelian gauge groups do not cause global anomaly because 7r6(17(l)) = 0. 

The conditions for the cancellation of global gauge anomaly have been investigated 
through the works of [23 EHl EHl Em EH for the case of Weyl spinors. The conditions with 
symplectic Majorana Weyl spinors in six dimensions seem to be absent in the literature, so 


we will give the derivation in appendix El The results are 



1-4C'4(p^;G2) =0 

(mod 3) 

for G 2 , 

(3.12) 

8 - A (p^;SG(2)) = 0 

(mod 12 ) 

for SU{2), 

(3.13) 

-2Gi{p^]SU{3)) =0 

(mod 6 ) 

for SU{3 ), 

(3.14) 

nv - {p^- Sp{l)) = 0 

(mod 12 ) 

for Sp{ 1 )r(^+) . 

(3.15) 

where the quantity (74 is dehned in appendix [^ and the quantity D 4 for SU ( 2 ) :: 

X S'p(l) is 

dehned in appendix El If there are no half-hypermultiplets, the relation ^4 = 4 G 4 

(mod 12 ) 

holds. Then the condition (jd.ldj) reduces to 




4 - 2 G 4 {p^]SU{ 2 )) =0 (mode). 

(3.16) 


which is precisely the condition found in |dlj . 

Assuming the vanishing of global gauge anomaly, one can show that there is no global 
gravitational anomaly in six dimensions if the spacetime is S'®, by slightly generalizing the 
argument in [221 • Furthermore, it means that any six-dimensional theory is free of global 
anomaly on a coordinate patch, because any large diffeomorphism or large gauge transfor¬ 
mation on a small patch can be done likewise on S'®. There might be other global anomalies 
coming from the nontrivial topology of spacetime, but it is beyond the scope of our present 
work. 


4 Examples of models 

We performed an extensive computer-aided search of anomaly-free models whose gauge 
groups are of the form x Gh where Gk(+) and Gh are U{1) or SU{2). And then 

we discovered enormously many anomaly-free models. In what follows, we describe the 
details of our search and show several examples of the models. 
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4.1 Abelian gauge groups 


Let {hi] be the basis of Cartan subalgebra u{lY^ of sp^nn), then the generator of a m(1) C 
u{lY^ is written as 

uh 

(4.1) 

i=l 

We assume g^’s to be quantized in integers. 

When there are more than one abelian factor within the gauge groups under which 
hyperini are charged, the anomaly polynomial, in general, contains terms of the form 

tr Fu{i)^ tr , tr Fu{i)^ tr Fu{i)^ tr , tr Fu{i)^ tr Fu{i)^ tr Fu{i)^ tr Fu{i)^ . 

The presence of traces of odd powers of F necessitates the generalization of the procedure 
outlined in the preceding sections. Therefore, in such situations we assume the presence of 
a symmetry among 17(1) charges which forbids the appearances of the trace of odd powers 
of Fuii^s. 

Before giving our calculation and results, let us explain what kind of solutions we seek. 
Firstly, if one hnds an anomaly-free model, one can rescale the unit charge of any 17(1) and 
obtain another solution. This operation is rather trivial, so we regard two charge vectors 
related in this way as the same solution. 

Secondly, in the literature, solutions with so-called ‘drones’ are considered to be unre¬ 
alistic and uninteresting, and thus we search for anomaly-free models without drones. By 
drones we mean hypermultiplets which are not charged under Gr x Gh , and 17(1) vector 
multiplets with no charged scalars or fermions. 

One needs hr = 245 neutral hypermultiplets to cancel ti terms. Then the 
anomaly polynomial automatically factorizes into 

( tr - 4 (tr + 5 , (4.2) 

Thus, there is one anomaly-free model, albeit lots of singlet hyperini entering into it. 

• 17(l)i^ X 17(1) : We have found more than 40 million solutions to (ld.8|l . (Id.Oj) without 
drones. Some of them are listed as follows: 

(ni,n2,n3,n4) = (243,0,3,0), (173,70,3,0), (138,96,12,0), (123,102,21,0), 

(112,109,24,1), (108,96,42,0), (108,54,84,0), (123,0,123,0), 

where Uq is the number of hypermultiplets with charge q. We set rig = 0 for g > 4. 


We also found some infinite series of anomaly-free solutions with drone U{1) vector 

multiplets. For example, if ny = 2 -|- Udrone and hh = 246 -|- Udrone, fhe combinations 

(ni,n2,n3,n4) = (243, 0, 3Udrone, 0), (4.3) 

(ni,n2,n3,n4) = (173, 70,3, ridrone) (4.4) 

solve the factorization conditions for any ridrone > 1 • There might be a deeper reason why 
such infinite series exist. 

In this case, I3jk is a two-by-two matrix and the anomaly polynomial immedi¬ 
ately factorizes. We also need to check the constraint (uni), of which one can easily find an 
enormous amount of solutions with no singlet hypers. 

. U{1)r+xU{1)h: Now hyperini can have charges under two abelian groups, so the term 
tr ti may appear. Let ns denote by Uab the number of hyperini whose U{1)r+ 

charge is ±a and whose U{1)h charge is ±6. We restrict nab to be even so that a half of them 
have charge (a, b) and the other half (a, —b). Then the terms containing tr F) 7 (i), ti are 
removed. 

We have found thousands of anomaly-free choices of Uab , some of which are: 


^nii 

ni2 

ni^ 


^ 0 

0 

0 ^ 


^ 2 

4 

6 ^ 


^ 0 

0 

0 ^ 

n2i 

n22 

n23 

= 

114 

12 

2 


150 

4 

2 

5 

190 

14 

30 

\n3i 

n^2 

^33 j 


^22 

66 

30 y 



62 

lo) 


^10 

2 

V 


where other nab are all zero. 

4.2 Non-abelian gauge groups 

In addition to (HHI), (UnD, one must also check the vanishing of global gauge anomaly for 
Sp{1)r and SU{2) when dealing with non-abelian gauge groups. These conditions altogether 
are quite lengthy and therefore it becomes far rarer to hnd the solutions than in abelian cases. 
Still, we are able to discover hundreds or thousands of anomaly-free models. To be concrete, 
we will describe some of them in this subsection. 

As explained in section 12.11 we can impose symplectic Majorana Weyl condition to 
the fermions which transform in a pseudoreal representation. A half-hypermultiplet con¬ 
tributes to the anomaly polynomial (HI half as much as a hypermultiplet. Thus, once 
half-hypermultiplets are taken into account, nn should be decomposed as 

nn = E n,.dimr, (4-5) 
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where Ur is the number of hypermultiplets in the representation r, and we allow to be 
half-integers if r is pseudoreal. The group-theoretical constants defined in appendix 1X1 then 
become 

C2 (p^;G') = 5^n,C2(r;G), C^{p^-G) = C'4(r; G). (4.6) 

r r 

where G is a non-abelian simple Lie group. 

• U{1)r X SU{2) : Anomaly-free choices of are listed as follows: 


(n2, 723,714, 77,5,^6,717, ns) 


(0,4,1,11,26,3,0), 

(1,0,12,0,33,0,0), 

(2,1,29,25,0,0,0), 

(5,0,0,0,37,0,2), 


(0,7,0,2,0,31,0), 
(1,3,1,3, 7, 24,1), 
(3,0,0,0,11,0,22), 
(124,0,0,0,0,0,0). 


• G(1)7j+ X SU{2) : Let n* ,. be the number of hypermultiplets with ^(1)/?+ charge i and 
in the SU{2) representation r. Let us list some solutions of anomaly-free conditions: 


'^^ 1,2 

ni,3 

ni,4^ 

^ 2,2 

n2,3 

n2,i 


ns,3 

ns, a) 


/ 1 0 12 ^ 

66 0 9 

^9 0 3 j 


/ 2 6 9^ 

46 4 5 

^28 2 Ij 


(3 1 5\ 

28 6 1 

^65 1 2 y 


/ 

V 


4 5 8 ^ 

59 1 8 
15 2 ly 


• Sp(l)n ,Sp(l)ji X 1/(1) and Sp(l)ji x SU(2) : There are no consistent models, because 
the Sp(1)r part has global gauge anomaly. 

• Sp{1)r+ : A few examples of anomaly-free spectrum are 

(n2,n3,n4,n5) = (107-M/2, 0, 8, 0), (109-M/2, 8,1, 0), 

(117+1/2,1,1,1), (119 + 1/2,0,2,0). 


• Sp(1)r+ X U(1) : Let us denote by Ur^i the number of hypermultiplets with U(l) charge 
i and in Sp{1)r representation r. Hypermultiplets like 


^n2,i 

n 2,2 

n2,^ 


^0 

22 

56^ 


^15 

28 

11^ 


i 23 

0 

9^ 


(32 

24 

0^ 

ns,! 

ns,2 

ns,3 

= 

0 

0 

0 


0 

0 

0 


23 

8 

1 

■) 

28 

0 

4 


nA,3 

n4,3 j 


1° 

4 

19y 



11 

19y 


1° 

18 

V 



2 

V 


give anomaly-free models. 
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• S'p(l)ij+ X SU{2) : Let us denote by rir^s the number of hypermultiplets in the repre¬ 
sentation (r, s) of Sp{1)r X SU{2). Examples of solutions are: 


^ni^i 

ni,2 



^0 

0 

0^ 


^0 

35 

0^ 


^0 

56 

A 


A 

92 

5^ 

n2,i 

n2,2 

n2,3 

= 

2 

6 

5 

5 

49 

7 

0 

1 

3 

0 

2 

5 

9 

6 

0 

\^3,l 

ns ,2 

ns ,3 j 


^26 

16 

V 



3 

V 



12 

V 


1° 

0 

V 


We set ni l = 0 to exclude singlet hyperini. 

Before closing this section, we would like to mention an extra anomaly-free model with 
the gauge groups U{1)r x SU{3). The hypermultiplets behave as a totally symmetric tensor 
of SU{3) with 21 indices. And this model is free from the global SU{3) anomaly. 

5 Summary and Discussion 

We discussed consistency conditions of six-dimensional gauged supergravity coming from 
anomaly cancellation. By performing a computer-aided search for consistent models, we 
found an enormous number of anomaly-free models where the one-loop anomaly from the 
fermions is cancelled via the Green-Schwarz mechanism. 

In the literature, it has often been considered that anomaly-free models of six-dimensional 
gauged supergravity are quite rare. Our results suggest that there are a huge number of other 
perturbatively anomaly-free models in six-dimensional gauged supergravity. However, our 
search was limited to the cases where the gauge group is a product of U{1) and/or SU{2). 
In fact, it is still very hard to find consistent models whenever the gauge groups consist of 
more than two simple Lie groups. Thus, the existence of E 7 x EqX U{1)r, Ej x G 2 X U{1)r, 
and E4 X Sp{9) x U{1 )r models found in [m nHi CHI is indeed miraculous. 

If one incorporates several tensor multiplets at the cost of covariant Lagrangian formula¬ 
tion, one can employ the generalized Green-Schwarz mechanism. Then, if rank [3 < ht + 1, 
one can successfully cancel the local anomaly. Thus, we might be able to hnd enormously 
many consistent models with the gauge groups like Gr x Gi x • • • x Gn^ in a similar manner. 
The need for the quantum formulation is much more pressing with n-j’ > 1, since in this case 
we cannot tell anything about the effective action in a strict sense. 

We would like to comment on possible applications of our results. We have shown several 
examples of anomaly-free models of d = 6, A/” = (1, 0) gauge supergravity. And some of them 
look very simple compared to the consistent models known so far. We hope that they will 
help to study various aspects of six-dimensional supergravity. 
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For example, when one wants to derive six-dimensional gauged supergravity from the 
compacitifications of type II theory on a smooth space, we often have only abelian gauge 
groups except for /^-symmetry, as well as lots of drone f/(l)’s. If such compactihcation is 
consistent as type II string theory, then it should be automatically anomaly-free. Thus, our 
solutions with local /^-symmetry x abelian factors seem to be a good step in this direction. 
However, how to obtain a large number of charged hypermultiplets from string theory and 
how to make gravitini charged still remain as big problems. 

Compactihcation to four dimensions is worth a further investigation. Our models might 
hnd a use in constructing higher-dimensional models of phenomenology and cosmology uu 
ESI EH ESI- Moreover, if we compactify the theory down to four dimensions with branes El, 
new anomaly possibly arises on the branes. Then one should take care of anomaly inhow 
[SIEI] in that framework. 

Furthermore, our results may also be interesting in building solutions of d = 6, A/” = (1, 0) 
gauged supergravity. For example, see the recent paper [SH] • 

Finally, the physics of diagonally-gauged models can be studied more thoroughly. We 
may hnd interesting generalization of the aforementioned applications. We hope to revisit 
this problem in the future. 
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A Representation Theoretical Constants 

Let Fg = FqT^ be the held strength of gauge group G, acting on fermions in the representa¬ 
tion r. When G is a simple non-abelian gauge group, we dehne group-theoretical constants 
G 2 (R;G), A{R;G) and B{R;G) as 

trj,F^:=A{R-,G) tij + B{R; G) (tr^F^)' . (A.l) 

where / is the smallest nontrivial irreducible representation of G. For exceptional-type 
representations which has no fourth-order Casimir invariants, we also dehne G 4 ,{R]G) as 

tin F^ := G4(F; G) (tr^ F^)' = B{R; G) G^iR; Gf {tij F^f . (A.2) 
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We will omit G if it causes no ambiguity. 

Some comments on the group-theoretical constants dehned here: First, the ratio tiriFc)'^/ trr'(FG')" 
is independent of the normalization of . Thus the quantities A{R]G), B{R]G) and 
Gi{R]G) are determined only by the representation R of G. Second, when R is the di¬ 
rect sum of irreducible representations R = ®iRi , then G 2 {R) and Gi{R) are equal to the 
sums and respectively. Third, for an irreducible exceptional-type 

representation R, we have a formula [23] 


Gi{R; G) 


dimG / _ C'2(ad) dimR \ ^ 

2 dim i? ( 2 -|-dim G) \ dimG G 2 {R)) ^ ’ 


(A.3) 


B Global gauge anomaly for Majorana Weyl fermions 

If TTg {H) = 7jp for some gauge group H, global anomaly may exist. Then we must check 
whether the global gauge anomaly cancels. 


B.l Weyl fermions 

First let us review the calculation for Weyl fermions 1211 EHiinniinii. The basic strategy is 
to embed H into G such that vry (G) = Z and 7 r 6 (G) = 0. Then, because the gauge group G 
has no global gauge anomaly in six dimensions, the global gauge transformation in H can be 
deformed continuously to identity in G. In this way we can reduce the calculation of global 
anomaly for H to that of perturbative anomaly for G. 

The embedding 

0 —>H ^G G/H —^ 0 (B.l) 

induces the homotopy exact sequence 

• ■ ■ ^ TTriG) ^ 71,(G/H) ^ 7r,{H) Ti^iG) = 0. (B.2) 

Let us denote by g, g' the generators of 7 r 7 (G) and 7i,{G/H), respectively. Then, g = d^g' is 
a generator of 7ie{H) and there is an integer s such that p*{g) = {g'Y in our cases. 

Let us embed the fermion in the representation ri of H in the representation Rl 0 
Rji of G,® so that Rl 0 Rji decompose under H to tl plus some fermions which can be 
massive. Then, following the argument of m, the H gauge transformation corresponding 
to g produces a phase with 9{r) given by 

e{r) = - [ ^{g,A,F-RLeRR) (B.3) 

_-s 

®Here the subscripts L and R denote the chirality. 
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where ^{g, A, F] R) is the change under g of the non-abelian Chern-Simons terms in the 
representation R. We can easily show that ■j{g, A, F; R) = 27iA{R;G) if G = SU{n). 
Thus we have 

e{r) =27rA{R-G)/s. (B.4) 

For H = SU{2), SU{3), and G 2 , we can choose G as S'f/(4), SU{A), SU{7), respectively 
|28] . We claim that, for the representation R of S't/(4) or SU{7), A{R] G) is given by 

A{R- SU{A)) = 2 ^ Giir-i- H) (mod 6) for H = SU{2) or SU{3)] (B.5) 

i 

A{R; SU{7)) = H) (mod 3) for H = G 2 (B.6) 

i 

provided that the representation R decomposes as i? = ©jr* under FI. 

To prove them, we evaluate tic F^ in two ways. Using (IA.1|1 . it can be rewritten as 

fc G) trc-P/L..^ + B(Bi G) (tva ) = 

= {B{f;H)A(R;G) + B{RiG)} (B.7) 

where / is the fundamental representation of G, and in the last line we evaluate the trace 
after restricting it on H. Using the direct product decomposition R = (BiVi , the trace is 

“■G = tr« (^ ^ tr„ ^ G 4 (r.; H) (tr« Ff^ . (B.8) 

i i i 

By comparing the two, we get 

B{f- H)A{R- G) + B{R- G) = G^{n- H) , (B.9) 

i 

We have B{f]H) = 1/2 for if = Ai,A2 and 1/4 for H = G2- Furthermore, one can show 
that B{R-,G) = 0 (mod 3) by mathematical induction [20], and the claims (jB.5jl and (jB.bjl 
immediately follow. It is easy to derive the equations dm, (Hni) and dm from these 
results. 

B.2 Major ana Weyl fermions 

Let us now move on to the case with Majorana Weyl fermions. As discussed in section ITTl in 
six dimensions we can halve the degrees of freedom of Weyl spinors when they form a pseudo- 
real representation of the gauge groups. Such Majorana Weyl fermions are more specifically 
called symplectic Majorana Weyl fermions, though we use the two words interchangeably. 
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If we carry out this procedure for a hypermultiplet, the resulting multiplet is called a 
half-hypermultiplet. The gravitini, tensorini and gaugini oi d = = (1,0) supergravity 

are all Majorana Weyl, where we use the fact the 2 of Sp{l)ii is pseudoreah 

Of the gauge groups which have global anomaly in d = 6 , only SU{2) has pseudoreal 
irreducible representations. So hereafter we restrict our attention to global SU{2) (or Sp{l)) 
anomaly. We assume that the perturbative anomaly is already canceled by the Green- 
Schwarz mechanism. As we saw in the preceding subsection, the Weyl fermions in 2 produces 
the phase under the generator of 71q{SU{2)). Let a be the phase produced by Majorana 
Weyl fermions in 2. Because o? = a must be either or Nqw we are 

going to determine which is the case. 

To do it, we need to embed a symplectic Majorana Weyl fermion in 2 of SU{2) in a 
Majorana Weyl fermion in a larger gauge group without global anomaly. Thus 4 in Sp{2) is 
a good choice. Let it decompose into 2 © 1 © 1 under SU{2). We write the change of the 
Chern-Simons seven-form by 7 ( 5 ^, A, F), as in the preceding subsection. 

The phase change for Weyl fermions in the fundamental of S'f/(4) is j 'y{g,A,F) = 2 tt 
under the generator g of Consider the homotopy exact sequence^ 

7r8(,S5) = Z 24 ^ 7r7{Sp{2)) =Z^ 

nriSUiA)) = Z ^ 7rj{S^) = Z 2 ^ 7r6(,Sp(2)) = 0. (B.IO) 

It implies that the generator g' of ■nj{Sp{2)) is mapped to g'^. Thus, the phase change for 
Weyl fermions in 4 of Sp{2) under g' is dvr. Therefore it is 27r for Majorana Weyl fermions 

in 4. 

Now consider another sequence 

7r7(,Sp(l)) = Z 2 ^ MSp{2)) = Z ^ 

n,{Sp{2)ISp{l)) = Z ^ 7 r 6 (,Sp(l)) = Z 12 ^ 7 r 6 (,Sp( 2 )) = 0. (B.ll) 

Denote the generator of ni^Spii)/Sp{l)) by h'. Then h' satisfies p^{g') = (h')^^, and h := 
is one of the generators of 7 r 6 (S'p(l)). Thus, the phase change under h for Majorana Weyl 
fermions in 2 is 

Let us go on to other representations. Let [k] be the fc-index symmetric tensor represen¬ 
tation of Sp{l) or Sp{2). Let us bear in mind that k = [fc — 1] in S'p(l). Then, for Sp{2) 

’’A considerable knowledge of algebraic topology is required for an actual calculation of homotopy groups. 
A concise table for the higher homotopy groups of the compact Lie groups can be found in the appendix A 
of Interested readers can consult the textbooks |41ll4‘2j and references therein. 
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(B^12) 


ti'n] F"" = A(k) tr|i] F* H- 

where A(k) = k{k + l){k + 2){k + 3){k + 4)(/c^ + 4k + 2)/840. Furthermore, 

[k] [k] + 2[k - 1] + 3[A; - 2] + 4[A; - 3] + ■ ■ ■ . (B.13) 

under the restriction of groups from Sp{2) to Sp{l). Thus, [k — — 2[A; — 2]/j + [k — 3 ]l of 

Sp{2) reduces to k/, of 5'p(l), and hence the phases under the global gauge transformation 
h for Majorana Weyl k is 2TiD^{\i)/12, where 

L> 4 (k) = A{k - 1) - 2A{k - 2 ) + A{k - 3). (B.14) 

Specihcally, Majorana Weyl fermions in 4 contribnte and Weyl fermions in 3 

contribnte to the global anomaly phase. 

Finally, by considering 

10 2 
/3/2 = ■■■ + ytrF^ y 2 = ■■■ + 3 trF^ 

and the embedding of gravitini into 4 of Sp{2) with the symplectic Majorana Weyl condition, 
we see that a gravitino contributes hve times as much as that of a spin 1/2 fermion. 

Snppose we gange the Sp{l) i?-symmetry, then the contribntions from various fermions 
are summarized as 

gravitini in a supergravity multiplet, 5 
tensorini in a tensor mnltiplet, —1 

the Sp{1)r gangini, —1 

other gaugini in a vector mnltiplet, 1 

Thus, the condition for the cancellation of global S'p(l)/j(+) a 

ny — D 4 {p^; Sp{l)) = 0 (modi 


mod 12; 
mod 12; 
mod 12; 
mod 12. 

.nomaly is 


2 ). 


(B.15) 


(B.16) 
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